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Feedforward/state feedback laws are developed for on-line optimization of batch re-
actors in the presence of measurable disturbances. The degrees of singularity with re-
spect to manipulated input and disturbance input are used to characterize the nature of
the feedforward/state feedback laws. Explicit synthesis formulas are derived that relate
the optimal manipulated input to the system states and the measurable disturbance. It is
shown that when the degree of singularity with respect to the manipulated input is
infinite, the end-point optimization problem reduces to a regulation problem in the pres-
ence of disturbances. For finite degrees of singularity, the optimal feedforward/state
feedback law is, in general, dynamic. The proposed methodology is illustrated through
several end-point optimization problems in batch reactors.

Introduction

During the past decade there has been an increasing use
of model-based nonlinear control strategies. In the formula-
tion of the control problem of continuous processes, the de-
sired output is a steady state and known a priori. However, in
the case of batch processes, there is no process steady state
and the objective is to optimize a cost function (such as yield)
at the end of the batch time. Such problems are called end-
point optimization problems.

The classic approach to solving end-point optimization
problems in batch reactors has been to convert the optimal
control problem into a nonlinear optimization problem and
solve this problem by standard nonlinear optimization nu-
merical methods. These numerical techniques provide the
open-loop time profile of the manipulated input. However,
due to batch-to-batch variations in the system parameters and
initial conditions (which is a typical characteristic of most
commercial batch processes), the implementation of this
open-loop profile can lead to suboptimal performance. For
this reason, it is necessary to develop closed-loop optimiza-
tion schemes for end-point optimization of batch processes.
One approach used by several researchers in the literature is
to repeatedly use an open-loop algorithm at each time step.
This numerical procedure calculates the open-loop optimal
input profile at each time step based on current values of the
system states. For instance, Luus (1974) calculated the opti-
mal control vector by employing a direct-search procedure on
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the feedback gain matrix. Cuthrell and Biegler (1989) used a
sequential quadratic programming approach to solve the op-
timal control problem. Eaton and Rawlings (1990) used a
combination of orthogonal collocation and successive
quadratic programming for end-point optimization. In all
these numerical techniques, it is necessary to integrate the
state equations a large number of times at each iteration.
Furthermore, these techniques cannot easily incorporate in-
formation on measurable disturbances. This is because the op-
timal solution requires the integration of the process model
up to the final time at each step. For this integration, it is
necessary to know how the disturbance would behave in fu-
ture time. This information on future values of the disturb-
ance would obviously not be available during actual on-line
implementation.

The use of measurements of the disturbances has been rec-
ognized as an important problem in nonlinear process con-
trol. Hirshorn (1981) and Isidori et al. (1981) solved the dis-
turbance decoupling problem for the class of nonlinear sys-
tems where the relative order of the disturbance with respect
to the output is greater than the relative order of the input
with respect to the output. In the context of the Su-Hunt-
Myer method, Calvet and Arkun (1988) developed a method-
ology for climinating the effect of measurable disturbances
by adding feedforward action for the case where the distur-
bances and manipulated input enter the state-space model
through the same scalar function. Daoutidis and Kravaris
(1989) developed a methodology in the input-output lin-
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earization framework for synthesizing feedforward/state-
feedback controllers that made the closed-loop system inde-
pendent of the measurable disturbances. Thus, a survey of
the literature shows that the effect of measurable disturb-
ances on nonlinear systems has been studied extensively for
the regulation problem. However, no results are available that
explicitly account for the effect of disturbances that provide
end-point optimization in batch processes.

The purpose of this article is to develop optimal feedfor-
ward/state-feedback laws for the end-point optimization of
batch processes. Using tools from differential geometry,
Palanki et al. (1993) developed optimal state feedback laws
for end-point optimization of batch processes. This method
will be extended to incorporate the effect of measurable dis-
turbances. First, a brief overview of the problem is presented
in the context of the classic Pontryagin’s principle. It is shown
that the first-order necessary conditions for optimality are
linear functions of the adjoint states. The degrees of singular-
ity with respect to the manipulated input as well as the dis-
turbance input are defined in terms of the system Lie Brack-
ets. Feedforward /state-feedback laws are derived by elimina-
tion of the adjoint states. It is shown that the optimal feed-
forward/state-feedback law is static or dynamic depending on
the degrees of singularity with respect to manipulated input
and the measurable disturbance. In the special case of infi-
nite degree of singularity with respect to the manipulated in-
put and the disturbance input, the end-point optimization
problem reduces to the regulator problem that was consid-
ered in the literature by Calvet and Arkun (1988) and Daou-
tidis and Kravaris (1989). Finally, the application of the de-
veloped methodology is illustrated via three simulation
examples.

Formulation of End-Point Optimization Probiem:
The Classic Optimal Control Perspective

The end-point optimization problem is formulated as fol-
lows:

Minimize the performance index
J = ¢lx(t)] o
subject to the dynamics

¥ =f()+gu+wlx)d 0<t<t

x(0) = x,, @

where u is the (scalar) manipulated input; x is the n-vector
of state; #; is the final time; f(x), g(x) and w(x) are smooth
vector functions; ¢(x) is a smooth scalar function; and d is
the measured disturbance input. In this formulation, we con-
sider a scalar disturbance input. Results for a vector of dis-
turbances is a very straightforward extension.

By Pontryagin’s principle, the preceding minimization
problem is equivalent to minimizing the Hamiltonian:

H(x,Au,d) = AT(f(x)+ g(xu+w(x)d), 3)
where A is an n-vector of adjoint states and is the solution of
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A necessary condition for minimizing the Hamiltonian is given
by (Bryson and Ho, 1975):

H 0 A4 0 (
= t€[0,]. 5)

This gives an infinite hierarchy of necessary conditions
(Bourdache-Siguerdidjane and Fliess, 1985):

d* [ oH

W(?J)_O veel0,], k=0 6)
Because the Hamiltonian is affine in the control, «, the opti-
mal control problem is singular. The optimal trajectory u(s)
will correspond to either hitting an input constraint or to a
singular extremal. To solve for the optimal input u(¢) in the
singular region, one has to solve both the state equations (Eq.
2) as well as the adjoint equations (Eq. 4). Since the bound-
ary conditions of these two sets of differential equations are
split, this results in a two-point boundary-value problem. The
numerical solution of this problem has to be implemented in
an open-loop fashion and so uncertainties in the process are
not attenuated. Furthermore, since the optimal solution de-
pends on the disturbance input, 4, one has to know a priori
how the disturbance will behave in the time interval [0, tf]
which is an unrealistic assumption. These problems can be
alleviated if the optimal solution is derived as a function of
the system states and the disturbance input.

Development of Optimal Feedforward/
State-Feedback Laws in the Singular Region

In the previous section it was shown that the classic ap-
proach to end-point optimization leads to a two-point bound-
ary-value problem. In this section, it is shown that the neces-
sary conditions of optimality (Eq. 6) are linear functions of
the adjoint states, A. Feedforward /state-feedback laws will
be developed by eliminating the n adjoint states from n nec-
essary conditions.

The definition of Lie Brackets of a nonlinear system is re-
viewed as follows: Given p(x), g(x) C* time-invariant vector
fields on R", the Lie Bracket [p, q}(x) is a vector field de-
fined by

aq ap
[p,q](x)—xp(x)- 3;q(x),

where dp/dx and dq/dx are the Jacobians. The Lie Bracket
[p, qlis also a C* vector field on R". One can define iter-
ated Lie Brackets [p, [p, g1l [p, [ p, [ p, q]], etc. The follow-
ing notation is standard:
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adpg(x) = g(x)
adyq(x)=[p,ql(x)
adzq(x)=[p,[p,q1I(x)

adfq(x)=|p, adt~'q] (x). )

If the vector fields p and g are time varying, it is necessary to
modify the definition of Lie Brackets to take into account,
the time-varying component of the functions: Given p(x, )
and g(x, t) C” time-varying vector fields on R”, modified Lie
Brackets are defined as follows (Palanki et al., 1993):

Eﬁq(x,t) =gq(x,t)

—1 t9q
adpq(x,t) =[p,ql(x,t)+ o

dadyq

— .
ad,q(x,t) = [p,ad,l,q] (x,t)+

— k-1
— - dad,
adyq(x,) = [p,ad,f lq](x,t)+—;t—q. ®)

In the definitions below, we propose an extension to the con-
cept of degrees of singularity (Palanki et al., 1993) of the sys-
tem with respect to the manipulated input, to include dis-
turbance as well. This extension allows for a characterization
of the dynamic interaction between the manipulated and dis-
turbance inputs. Furthermore, this definition provides a key
conceptual tool for developing optimal feedforward/state-
feedback laws.

Definition 1. The system governed by Eq. 2 has a finite
degree of singularity, s, with respect to the manipulated in-
put u, if

[g,EZ;+ wdg] € span {g,alf+wdg, ,a_d;+wdg>

Ww<s,—1

[g,c—l-c—i‘j:"J, wdg] ¢ span {g,a}qwdg, vers Z{}Z wdg}. 9)

The system 2 has an infinite degree of singularity with re-
spect to manipulated input u (s, =) if

[g,a;.'. wdg] € span {g,a}+ wd8s - ,a;.;. wdg}

Yv>0. (10)

Definition 2. The system governed by Eq. 2 has a finite
degree of singularity, s, with respect to the disturbance in-
put d, if
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[w,aﬁ;w,zg] € span {g,ﬂ}wdg, ,E;de}
Ww=<s,—1
[w,a_dsfi wdg] ¢ span {g,a_ﬁ}wdg, o yadfy wdg}- (11

The degree of singularity of system 2 is infinite with respect
to disturbance input d (s, =) if

[W,a_d;+ wdg] € span {g’a}+ wd8s - ,E;+ wdg}

Yw>0. (12)

These definitions of degrees of singularity can be used to
develop the feedforward /state-feedback laws for various situ-
ations depending on the values of s, and s,,.

Theorem 1. Consider a system of the form of Eq. 2 and a
performance index of the form of Eq. 1. When the degree of
singularity with respect to the manipulated input, s,, is infi-
nite (while the degree of singularity with respect to the dis-
turbance input, s;, may or may not be finite), the end-point
optimization problem reduces to the following regulation
problem in the singular region:

i=f(x)+ g(x)u+w(x)d

y=C(x,d), (13)

where C is an algebraic function independent of the manipu-
lated input and is given by

C(x,d) =det g}ﬂ}wdgi -~-§E;+—idg =0. (14

Proof. 'When s, =, the first-order necessary conditions
on the singular region (Eq. 6) can be written as

Alg=0
—1
ATadf+ wd8 = 0

)\Ta__ﬁ wd8 = 0

Nadf, :»dg =0

(15)
The first # equation can be written in compact form as
T ,—1 . ,—n=1
A\ giads s wagi - iads+ wag | = 0. (16)
Since A7 is a nonzero vector, it follows that
—1 —_n-1
det [ 8iad} + vagi++iad;  wag| = 0, (17
which is Eq. 14.
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Corollary 1. When the degrees of singularity with respect
to the manipulated input and the disturbance input is infinite
(s, = s, =), the algebraic function C in Eq. 13 is a function
of x (and not d) only and is given by

C(x) =det[ gl ad}gi - iad}~ 'g] =o0. (18)
For a proof of this corollary, see Appendix Al.1.

Note that for this special case, the end-point optimization
probiem is reduced to controlling the nonlinear system 2 to a
function of the system states described by Eq. 18. When the
disturbance free part of the model described by Eq. 2 is invo-
lutive and the disturbance and the manipulated input enter
the state-space model through the same scalar functions, the
preceding regulation problem can be solved by the methods
described in Calvet and Arkun (1988). When this system has
finite relative order, the regulation problem can be solved by
the methods described in Daoutidis and Kravaris (1989).

Theorem 2. Consider a system of the form of Eq. 2 and a
performance index of the form of Eq. 1. When the degree of
singularity with respect to the manipulated input, s,, is equal
to n—2 (while the degree of singularity with respect to the
disturbance input, s,;, may take any value), then the optimal
feedforward /state feedback law in the singular region is given
by

—n—1

“iadsy wag
a2l

det [git?i}wdg (19
1

u=—

det | giady . wagi

Proof. When s, =(n—2), the first-order necessary condi-
tions in the singular region can be written as
AMg=0
—1
)tTad f+ wd8 = 0

Mads, ,a8=0

/\Ta_lif";,idg+/\T[g,Ea;+idg]u=0 20)
n adjoint states can be eliminated from Eq. 20 to obtain Eq.
19. Note that this feedforward /state-feedback law is static
with respect to u but dynamic, in general, with respect to d.

Corollary 2. When s;=s,=n~—2, the optimal feedfor-
ward /state-feedback law reduces to the following static law
with respect to u and d:

det [g:ad}g: ...;adn-x ]
det [ giad}g; -

u=-
tad}” 2g gad

g]]
tad} g [w,ad;l‘
’gi[ g.ad}"

det[giad}gi

g]]d
g]]

For a proof of this corollary, see Appendix A2.1.

Corollary 3. When s,>s, and s,=n—2, the optimal
feedforward /feedback law reduces to the following expres-
sion:

@1
det [giad}gi ~iad
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det|giadjgi - }ad}'g)

. @)
\ad}~2gi] g.ad}%g]]

u= —

det [ giad}gi -

For a proof, see Appendix A2.2.

Note that Eq. 22 is not a function of the measurable distur-
bance and the optimal operating policy is a state feedback
with no feedforward action.

Theorem 3. Consider a system of the form of Eq. 2 and a
performance index of the form of Eq. 1. When the degree of
singularity with respect to the manipulated input, s,, is finite
and s, < n —3 (while the degree of singularity with respect to
the disturbance input, s;, may take any value), the feedfor-
ward /state-feedback law in the singular region is given by

d of dg aw \!
I————-—u———d
( dt  dx ax dx )g
d of og aw \*7!
——————u——d =0. (23
( dt dx x ax ) & 23)

Proof. The first-order necessary conditions (Eq. 6) can be
written as

d of g ow \°
MNl——=-——u-— =0
( dt  dx ox ax )g
d of og aw
A I—-——-—u—— =

( dt odx ox dx )g 0

(24)

In the preceding equations, [ is the identity matrix and d(-)/dt
is the total time-derivative operator. Equation 23 can be ob-
tained from Eq. 24 by eliminating the n adjoint states. Note
that feedforward /state-feedback law given by expression 23 is
dynamic with respect to the system states and the measurable
disturbance.

Corollary 4. When s, =s, and s, < n—3, the preceding
feedforward /state-feedback law reduces to

det [gfad}gi adjgi -+ iadygiady'g

+g,adpglu +w,adjgld;
ow 74

s, +2
u)

ax

which is dynamic in nature.
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For a proof of this corollary, see Appendix A3.1.
Corollary 5. When s, <s, and s, <n -3, Eq. 23 simpli-
fies to

det [ gladlg) - iadigiads’, vag} - 1ad) yag
——8y
+[g,adf+wdg]ui
(d of ow g \t!
I~ m————d——u
dt  dx dx 0x
d df ow ag \" !
i = - =~ —g - = =0. (26
& ( d Jx dx ¢9xu) & 26)

For a proof, see Appendix A3.2. A similar expression can be
derived from Eq. 23 for the case where s,> s,,.

Development of feedforward /feedback laws for a vector of
measurable disturbances is a very straightforward extension.
The main focus of this article is to show explicitly the effect
of measured disturbance on the optimal solution and so we
consider only the scalar disturbance case. In the case of a
vector disturbance inputs, one would have to define a degree
of singularity with respect to each disturbance input. The ef-
fect of each disturbance input on the optimal solution can be
analyzed along the lines of Theorems 1, 2 and 3.

Implementation Issues

The results obtained in the previous sections provide opti-
mal feedforward /state-feedback laws in the singular region
for end-point optimization of batch reactors subject to a mea-
surable disturbance. The feedforward /state-feedback laws
require the calculation of Lie Brackets. This can involve the
calculation of several derivatives, especially when the dimen-
sion of the problem is large. The use of symbolic manipula-
tion software such as MAPLE or MATHEMATICA is highly
recommended for the calculation of the feedforward/state-
feedback laws.

For implementing the feedforward /feedback laws, one re-
quires the switching times between the nonsingular and sin-
gular regions as discussed in Palanki et al. (1995) as well as
estimates of the system states. In addition, since the feedfor-
ward /feedback laws are explicit functions of the measurable
disturbance, it is necessary to have measurements or esti-
mates of the measurable disturbance. The degree of singular-
ity with respect to the manipulated input depends on the dis-
turbance value. Thus, it is possible the structure of the feed-
forward /feedback law could change (e.g., from static to dy-
namic) due to changes in the disturbance value. For this rea-
son it is necessary to monitor the degree of singularity on-line
and use the appropriate feedforward/feedback law depend-
ing on the value of the degree of singularity. If the system is
subjected to a state-inequality constraint, it is necessary to
know the switching time to switch to the constraint as shown
in Palanki et al. (1994).

The optimal feedforward /feedback laws developed in the
previous section are based on a mathematical model of the
batch process. However, there could be a mismatch between
the parameters of the model and the actual process. Further-
more, the actual process could be subjected to unmeasured
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disturbances. Robustness to these errors in the parameters as
well as to unmeasured disturbances has to be checked by
simulation before implementation, as shown in Example 2 in
the next section. A theoretical analysis of robustness of feed-
forward/feedback laws for nonlinear systems is an open re-
search problem and is not considered in this article.

lilustrative Examples

The following simulation examples are studied to illustrate
the application and to test the efficacy of the theory devel-
oped in the previous sections.

Example 1: Regulator problem

The following reaction is occurring in a semibatch reactor:
A—B.

The reaction follows the Langmuir-Hishelwood type of ki-
netics. Component A is being fed to the reactor at a feed
rate of u. To keep the viscosity from becoming too high, wa-
ter is added at a feed rate of d. This situation is quite com-
mon in industrial fermentors where the viscosity of the fer-
mentation broth becomes very high due to rapid growth of
cell mass in complex media. Addition of water reduces the
viscosity and aids in mixing as well as oxygen transfer, which
is essential for growth and product formation.

The objective is to maximize the concentration of compo-
nent B at the end of a batch cycle of 5 h. The manipulated
input is u, the flow rate of species 4. The flow rate of water,
d, is subject to disturbances.

The end-point optimization problem can be stated as:

Vo

s e . 0 VO
M1n1rn12e]=—C307+CA~CA0—I7—SA+SA7 @7
subject to
-k, CV
dlcy] | ~—= | . [S, 0
— = + + .
a1 ky+ C2 l]u [1]0! (28)

Here, C, and Cj are the concentration of component 4 and
B, respectively; u and d are the flow rates of component 4
and water, respectively; V' is the reactor volume; and the sub-
script O refers to initial conditions.

Defining

x=C.V
xz = V (29)

the Eqgs. 27 and 28 can be put in the form

(CyoVo + Xip+ 54 X;) + (X;+ 8, X5)

Minimize J = —
X X;
(30)
subject to
Vol. 42, No. 10 2873



0.100
0.090
3
E 0.080
8
‘i 0.070
g
z 0.060
,g. X
<)
0.050
0.040 i i B S— 1
0.0 1.0 2.0 3.0 4.0 5.0
Time (hr)
Figure 1. Optimal-input profile——constant d (Example
1).
—kx,x3
ixl=k21122+S"u+0d (31)
dr | x, X5 + X7 1 1%
0
For this system
~kyx,x3
1 7, .2
x= , fO =1 kyx2+x2 s
X2
0

g(x)= [Sl”] w(x) = [?] (32)

It can be shown that the degrees of singularity with respect
to the manipulated input and the disturbance are equal to =;
therefore, Eq. 18 leads to

2.3 : . y -
s
g
-]
ot
-3
g
Hi
&
g
]
S

0'0 1 1 I 1

0.0 1.0 2.0 3.0 4.0 5.0
Time (hr)
Figure 2. Product-concentration profile—constant d
(Example 1).
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Table 1a. Initial Conditions (Example 1)

Case A
oy (D) 0.15 mol-L~!
Cg(0) 0.075 mol-L~!
X)) 10L
d 01Lh!
Case B
C(0) 0.15 mol-L ™!
Cyx(0) 0.075 mol-L !
4] 1.0L
0.1Lh ttr<2h
C
02Lh l¢>2h

Table 1b. Model Parameters (Example 1)

k, 0.5 mol>L~%h~!
k, 0.1 mol®L~2

H Sh

SfA 10 mol-L ™!

Vmax 5 L

C(xy,x,) =8 ,x,(kyx2 — x2)+2x7 =0. (33)
Thus, the optimization problem reduces to regulating the
function C(x,, x,) to zero where the system states x; and x,
are described by Eq. 28. We use the following nonlinear
feedforward /feedback law (see Daoutidis and Kravaris, 1989)
for this regulator problem.

S (kyx3 — x,x3) +2x3
S (5x2 —2x,x,8 4 +3k,x3)

8Bk, x2 — x3)]
S, (5x% —2x,x,8 4 +3k,x3)

d (34)

Figures 1 and 2 show the optimal feeding profile and cor-
responding product concentration profile for the system pa-
rameters in Table 1a and initial conditions in Table 1b for

0.20 T T T

0.15

0.10

Flow Rate (mole/h)

0.05

——-~ Unmeasured

Measured
0'00 1 L 1 1 J

0.0 1.0 2.0 3.0 4.0 5.0
Time ¢hr)
Figure 3. Optimal-input profiles-—step disturbance (Ex-
ample 1).
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O 05+
— —=- Unmeasured
Measured
0.0 1 L 1 1
0.0 1.0 2.0 3.0 4.0 5.0
Time (hr)

Figure 4. Product-concentration profiles—step distur-
bance (Example 1).

Table 1c. Effect of Measurement of Disturbance on
Performance Index (Example 1)

Step disturbance

Type Performance index
Measured —1.65 mol/L
Unmeasured —1.45 mol/L

Random disturbance

Type Performance index
Measured —1.75 mol/L
Unmeasured —1.55 mol/L

the case where d is constant. The case where the system is
subject to a step disturbance of magnitude 0.1 L/h after two
hours of operation is studied. Two different cases are ana-
lyzed; the first is the case where the disturbance is not mea-
sured and the second is the case where the disturbance is
measured. The optimal manipulated input profiles are shown
in Figure 3, and the corresponding product concentration

0.40 - T - T

0.30 + b
)
g
&8 020
[}
&
B
=
=

0.10

Measured
——= Unmeasured
0.00 1 1 1 1
0.0 1.0 2.0 3.0 4.0 5.0
Time (br)

Figure 5. Optimal-input
(Example 1).

profiles—random disturbance
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2-0 T T T T

-
n
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Concentration of B (mole/l)
b
<
T

05
Measured
— —~ Unmeasured
0'0 A 1 1 L
0.0 1.0 2.0 3.0 4.0 5.0
Time (hr)

Figure 6. Product-concentration profiles—random dis-
turbance (Example 1).

profiles are shown in Figure 4. It is evident from Figure 4
and Table 1c that the product concentration is 11.5% more
in case where the disturbance is measured. The case where
the disturbance input is subject to random fluctuations as
shown in Figure 5 is studied. Once again, the case where the
disturbance is not measured is compared with the case where
the disturbance is measured. The optimal manipulated input
profiles are shown in Figure 5 and the corresponding product
concentration profiles are shown in Figure 6, respectively. It
is observed from Figure 6 and Table 1c that the product con-
centration is 15% more in the case where the disturbance
input is measured.

The effect of open-loop implementation of optimal profile
on the performance index is studied. The optimal input pro-
file of the system without disturbance (Case A in Table 1a) is
implemented in open-loop fashion to the system with a step
change in disturbance input (Case B in Table 1a). This open-
loop policy is compared with the closed-loop case where the
states as well as the disturbance inputs are measured and

0.200 T T T T

0.150
8
g
& 0100
R
-
-3
=
=

0.050

Closed-loop
——= Open-loop
0.000 “— —— : . .
0.0 1.0 2.0 3.0 4.0 5.0
Time (hr)

Figure 7. Closed- and open-loop input profiles—step
disturbance (Exampie 1).
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Figure 8. Closed- and open-loop product profiles—step
disturbance (Example 1).

accounted in Eq. 34. The open-loop and closed-loop manipu-
lated input profiles are shown in Figure 7, and the corre-
sponding product profiles are shown in Figure 8. It is ob-
served from Figure 8 and Table 1d that implementing the
state-feedback profile in a closed-loop fashion leads to 37.5%
more product concentration than the open-loop case.

Example 2: Static state feedback

The following irreversible reaction is occurring in a semi-
batch reactor:

A- B.

The reaction follows the Langmuir—-Hinshelwood type of ki-
netics, Component A4 is being fed to the reactor at a feed
rate of d that is subject to disturbance. The objective is to
find the optimal temperature profile to maximize the concen-
tration of product B at the end of a batch cycle of one hour.
The end-point optimization problem can be stated as:

Minimize J = — Cp(t,) (35)
subject to
-k Cy (SA B CA)
d| | Vv | P v
- = f27Tta |4 u+ d, (36)
| y 0 0 1
T G 1 0

Table 1d. Open-loop vs. Closed-loop Implementation
(Example 1)

Open-loop implementation

Initial conditions Case B in Table 1a

where

Here, C, and Cjp represent the concentrations of compo-
nents A and B, respectively; k, and k, are reaction-rate
constants; T is the temperature; V is the volume of the reac-
tor; u is the manipulated input and d is the feed rate of
component A (disturbance input). The system model is of
the form

i=f(x)+g(xu+wx)d, 37
where
“kch
c, 0
x= ; f(x)= ky+Ci ; glx)= :
|4 0 0
T 0 1
$a=Ca)
w(x)= v
1
0

It can be shown that the degrees of singularity with respect
to u and d are equal to n—2. Using Eq. 21, the optimal
feedforward feedback law is given by

2C,E,RT? kC, ($,~Cpd
U= 5 = . (38)
(E,— Ey)E k; | ko + C3 4

Table 2a. Initial Conditions (Example 2)

Case A
C (0 1.0 mol-L ™!
Cy(0) 0.01 mol-L~!
7O 349.2 K
| Z(0)] 10L
d 1Lk

Case B
oy (1)] 1.0 mol-L~!
C,0) 0.01 mol-L™!
T 3492 K
V{(0) 10L

{1Lh‘1 t<02h

d

2Lh™1¢>02h

Table 2b. Model Parameters (Example 2)

271 - Zn-1
Input profile Optimal soluti(l)n for case A I]zw 1%3388 28%2.%— 2 h
; — q1- 20 »U.

Performance index at I 1.25 mol-L E, 5.000.0 cal-mol ™!

Closed-loop implementation E, 9,500.0 cal-mol ~!
Initial conditions Case B in Table 1a t ih
Input profile State-feedback law .{ 4 10.0 mol-L ™!
Performance index at ¢, —1.65 mol-L~! Vnax 50L
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£ 3300
L
g
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@
=

320.0

3100 : ‘ : -

0.0 0.2 04 0.6 0.8 1.0
Time (hr)
Figure 9. Optimal-input profile—constant d (Example
2).

Note that the preceding state feedback is an explicit function
of the system states as well as the disturbance 4. Simulation
studies were conducted using the initial conditions given in
Table 2a and the model parameters given in Table 2b. Fig-
ures 9 and 10 show the optimal temperature profile and cor-
responding product-concentration profile, respectively, for
the case where d is constant. The effect of measuring the
disturbance input d, is studied. A step disturbance of magni-
tude 1 L/h is introduced in the input flow stream of compo-
nent A after 12 minutes of operation. Figure 11 shows the
manipulated input profiles for two situations: one where the
disturbance input is measured and corrected for in Eq. 38
and the other where the disturbance input is not measured
and left unchanged in Eq. 38. The corresponding product
concentration profiles are shown in Figure 12. It is observed
from Figure 12 and Table 2c that the product concentration
of component B is 115% higher in the case where the dis-
turbance input is measured and accounted for in the optimal

5'0 T T T T

!~' w »
> [(—] >

Concentration of B (mole/l)

=
>

%050 0.2 0.4 0.6 08 1.0
Time (hr)
Figure 10. Product-concentration profile—constant d
(Example 2).
AIChE Journal

380.0 . : ]
= —=- Unmeasured

370.0 Measured i
)
& 3600
H
£
g
g 350.0
G
ot

340.0

330.0 : ' : '

0.0 0.2 0.4 0.6 0.8 1.0
Time (hr)
Figure 11. Optimal-input profiles—step disturbance
(Exampile 2).

feedback law. A similar study is done for the case where there
are random fluctuations in the disturbance input as shown in
Figures 13 and 14. The results are tabulated in Table 2c. As
in the case with the step disturbance, it is observed that when
the disturbance input is measured and accounted for in the
optimal state-feedback law, this leads to a much higher con-
centration of the product.

6.0 T T T
|

n
1)
-

by
>
T
|

— ———
-

Concentratiomi of B (mole/l)
»
—)

20 - _-=" .
”~
1.0 - B
— == Unmeasured
Measured
0.0 - : L ——
0.0 0.2 0.4 0.6 0.8 1.8

Time (hr)

Figure 12. Product-concentration profiles—step distur-
bance (Example 2).

Table 2¢. Effect of Measurement of Disturbance on
Performance Index (Example 2)

Step disturbance
Type Performance index
Measured —5.6 mol/L
Unmeasured —2.6 mol/L
Random disturbance
Type Performance index
Measured —4.8 mol/L
Unmeasured —4.5 mol/L

October 1996 Vol. 42, No. 10 2877
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Figure 13. Optimal-input profiles—random disturbance

(Example 2).

The effect of open-loop implementation of optimal profiles
on the performance index is studied. The optimal input pro-
files of the system without disturbance (Case A in Table 2a)
is implemented in open-loop fashion to the system subject to
a step change in disturbance input (Case B in Table 2a). This
open-loop policy is compared with the closed-loop case where
the states as well as disturbance input are measured and ac-
counted for in Eq. 38. The open-loop and closed-loop manip-
ulated input profiles are shown in Figure 15 and the corre-
sponding product profiles are shown in Figure 16. The per-
formance indices obtained in these two cases is compared in
Table 2d. It is observed that the closed-loop implementation
results in an increment of about about 117% in product for-
mation as compared to the open-loop case. Robustness to
plant/model mismatch in kinetic parameters was tested via
simulations. The results are shown in Table 2e. It is observed
that the performance index is robust to an error of +10% in

380.0

370.0 L Closed-toop
===~ Open-loop ]
. 360.0 |-
®
E 3500
e
g \
§ 3400 ~~.
g
& 3300 - ~— ]
\\‘\\‘
3200 ¢ -
310.0 ‘ : : :
0.0 0.2 0.4 0.6 0.8 1.0

Time (hr)

Figure 15. Closed- and open-loop optimal input pro-
files—step disturbance (Example 2).

the parameter E;. A similar analysis can be conducted for all
the system parameters as well as unmeasured disturbances.

Example 3: Dynamic state feedback

The following series reaction is occurring in a semibatch
reactor:

6.0 T , r v

50 1

4.0 1

3.0 |

2.0

Concentration of B (mole/T)

1.0 -

Closed-loop
——=- Open-loop
0.0 N I A

0.0 0.2 04 0.6 0.8 1.0
Time (hr)

Figure 16. Closed- and open-loop product formation
profiles—step disturbance (Example 2).

o

Table 2d. Open-Loop vs. Closed-loop Implementation
(Example 2)

Open-loop implementation

5-0 T T T T
- - - -
-~

4.0 - gl P b
g s
= P
: o
2 30 S 1
s 7
E 7
- 7
E20t i .
§ 4
=
-}
[&]

1.0 + 4

~— —=- Unmeasured
Measured
0.0 Il 1 j 1
0.0 0.2 0.4 0.6 0.8 1.0
Time (hr)

Figure 14. Product-concentration profiles—random dis-
turbance (Example 2).
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Initial conditions
Input profile
Performance index at t

Closed-loop implementation
Initial conditions
Input profile
Performance index at ¢,

Case B in Table 2a
Optimal solution for case A
—1.75 mol-L~!

Case B in Table 2a
State-feedback law
—5.75 mol-L~!

October 1996 Vol. 42,-No. 10
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Table 2e. Robustness Analysis (Example 2)

Parameter in Control Law

Parameter in Process

Performance Index

No Disturbance

E, =5,000.000 E; =5,000.00 —4.505 mol-L.~!
All other parameter values from Table 2b All other parameter values from Table 2b
E, = 5,000.00 E, = 4,500.00 : —4.505 mol-L~!
All other parameter values from Table 2b All other parameter values from Table 2b
E, = 5,000.00 E, = 5,500.00 —4.505 mol-L~!
All other parameter values from Table 2b All other parameter values from Table 2b
Step Disturbance
E, =5,000.00 E; =5,000.00 —5.59 mol-L~!
All other parameter values from Table 2b All other parameter values from Table 2b
E, =5,000.00 E, =4,500.00 —5.59 mol'L™!
All other parameter values from Table 2b All other parameter values from Table 2b
E,| =5,000.00 E, =5,500.00 —~5.59 mol-L~!
All other parameter values from Table 2b All other parameter values from Table 2b
A .
- B-C (39 c, — k,C2 0
The first reaction is second order with respect to 4 and x=|Cs ; f(x)= kiCq—k,Cp glx) = 0 ;
the second reaction is first order with respect to B. The reac- 14 0 0
tion-rate constants follow the Arrhenius rate expression. T 0 1
Component A is being fed to the reactor at a feed rate of d _ _
that is subject to disturbances. The objective is to find the $54—C,)
optimal temperature profile to maximize the product B at 1%
the end of one hour. (x) = - Cp
The end-point optimization problem can be stated as: wix)= v ’
s 1
Minimize J = — Cg(t;) (40) | 0 |
subject to For this system n=4, and it can be easily verified that
- - _ _ s, = s;=1. Thus, the optimal state feedback in the singular
( C —k.C2 0 (5,—C,) region will be dynamic. Substituting n =4 and s =1 in Eq. 23
4 14 v we get the following dynamic state feedback law:
d C
— = B
ar| Cs kiCh—kyCy | T O[T v d; - -
Table 3a. Initial Conditions (Example 3)
v 0 0 1
T 0 1 0 Case A
L 4 Lid L - C0) 1.0 mol-.L™!
41) Cg(® 0.01 mol-L~!
T 300.0K
V) 1.0L
where d 1Lh™!
Case B
=k - E, o (1)] 1.0 mol-L~!
17 %1, &P\ " Cp(0) 0.01 mol-L~!
T(0) 3000K
- E, @ V(0) 1L
ky,=k, exp| ——|. 42 1.0Lh~ ' r<02h
2 = K3, €Xp ( RT ) J {
0.5Lh~!'t>02h

Here, C, and Cjy represent the concentration of component
A and B, respectively; k; and k, are reaction rate constants;
T is the temperature; V is the volume of the reactor; u is the
manipulated input; and 4 is the disturbance input.

The system model is of the form

i=f(x)+ g(x)u+wlx)d, (43)

where

AIChE Journal
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Table 3b. Model Parameters (Example 3)

% 7,000.0 L mol Th- 1
K 62x10° h~!
E, 5,000.0 cal-L™!

E, 10,000.0 cal-L-!

t 1h

.{A 10.0 mol-L~!

V, 20L
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S 2000 ¢ ]
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Time (hr)
Figure 17. Optimal-input profile—constant d (Example
3).
du 2 5 ) k,Cy
- T +E,Zu+ RT*°Z \k,~ c, Q2Cz+C,)
+2,[2Z,S,(E, - E;))-Z,C,(E,~ E,)+2k;S,C,
d
~{28,(8,-C,+1)— CA}d/V]I—/ =0, (44
where
k,C?
Zl= 1~A4
EZCB
Z RT? (45)
2T C[E —E,)’

Simulation studies were conducted using the initial condi-
tions and process parameters given in Table 3a and 3b, re-

2.0 T T T T

Concentration of B (mole/l)
ok Dok

) in

T T

4
th
T
L

0'00.0 0.2 0.4 0.6 0.8 1.0
Time (br)
Figure 18. Product-formation profile—constant d (Ex-
ample 3).
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l \
& 200.0 \ b
\
\\
175.0 - Measured | -j
——= Unmeasured
150‘0 I 1 L S E—
0.0 0.2 0.4 0.6 0.8 1.0
Time (hr)
Figure 19. Optimal-input profiles—step disturbance
(Example 3).

spectively. Optimal input and corresponding optimal product
concentration profiles for the case where d is constant are
shown in Figures 17 and 18, respectively, The effect of mea-
suring the disturbance input d, is studied. A step disturbance
of magnitude 0.5 L/h is introduced in the input flow stream
of component A after 12 minutes of operation. Figure 19
shows the manipulated input profiles for two situations: one
where the disturbance input is measured and corrected for in
Eq. 44, and the other where the disturbance input is not
measured and left unchanged in Eq. 44. The corresponding

36 T T T T

2.5

2.0

1.5

——— . g

1.0

Concentration of B (mole/l)

0.5

Measured
——=- Unmeasured

L

0.0 L i L
0.0 0.2 0.4 0.6 0.8 1.0

Figure 20. Product-concentration profiles—step distur-
bance (Example 3).

Table 3¢c. Effect of Measurement of Disturbance on
Performance Index (Example 3)

Step disturbance
Type Performance index
Measured ~2.6 mol/L
Unmeasured ~-1.1 mol/L

AIChE Journal



product concentration profiles are shown in Figure 20. It is
observed from Figure 20 and Table 3c that the product con-
centration of component B is 150% higher in the case where
the disturbance input is measured and accounted for in the
optimal feedback law.
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Notation

det =determinant
F =flow rate of reactant 4, L/h
$ 4, =concentration of feed, mol/L
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Appendix: Proofs of Corollaries
Proofs of corollaries of Theorem 1

Proof of Corollary 1. When s, ==, the first-order neces-
sary conditions on the singular region (Eq. 6) can be written
as

AMg=0
Madig =0
Madzg =0

AIChE Journal

Nadp~'g=0
(A1)

The first n equation can be written in compact form as

)\T[giad}gi-"iad}‘*g] =0. (A2)
Since AT is a nonzero vector, it follows that
det [ giad}gi - iad}~'g] =0, (A3)

which is Eq. 18.

Proofs of corollaries of Theorem 2

Proof of Corollary 2. When s,=s,=(n—-2), the first-
order necessary conditions are as follows:

AMg=0

AMad }g =0
Nadig=0
Madf =g =0

Mad}™'g + N[ g.ad; g lu+ N [w,ad}~%g]d=0. (A

Eliminating » adjoint states from Eq. A4 leads to Eq. 21.

Proof of Corollary 3. When s, > s, and s,=(n—2), the
first-order necessary conditions in the singular region can be
written as

AMg=0
)\Tad}g =0
ATadf}‘g =0

Nad}~?g=0

Mad} =g + X' g,ad}~2g|u=0. (A5)

Eliminate n adjoint states from Eq. A5 to obtain Eq. 22.
Proafs of corollaries of Theorem 3

Proof of Corollary 4. When s, =35, and 5, <(n—3), the
first-order necessary conditions can be given as

NMg=0
Madlg =0
Mad?g =0
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Madypg =0

Nadyt'g + Nlg,adiglu+ N [w,adjgld =0

d g ow g s, +2
dr  dx dx ox
d of ow g \""!
o ,___f__d__ﬁu) g=0. (A6)
da  oJx odx x

Equation 25 can be obtained from Eq. A6 by eliminating n

adjoint states.

(n—3), the

Madjg =0

s+ 1

)\Ta—-df+ wd8 = 0

/\TE;A;-+w1dg + /\T[g’a;‘; wdg]u =0

(A7)

Proof of Corollary 5. When s;<s, and s, <
first-order necessary conditions are as follows:

Equation 26 can be obtained by eliminating n adjoint states

from Eq. A7.

AMg=0
Madig =0
Madig =0
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